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If 1 < p < co, 1 < q < 00 and p # q, then it is proved that every bounded 
linear operator from P’ into P has the property that its range does not contain 
any infinite dimensional closed subspace. It is also proved that every bounded 
linear operator from L, into P where 1 < p < 2, 1 < q < 00, q # 2 and 
p#q,orfromPintoL,wherel <p< co,2gq< ca,p#2andp#q 
has the same property. 
B(X, Y) will denote the set of all bounded linear operators from a Banach 
space X into a Banach space Y. An operator T E B(X, Y) is called strictly 
singular if the restriction of T to an infinite dimensional subspace of X is never 
an isomorphism. An operator T E B(X, Y) is said to be strictly cosingular if 
for no infinite dimensional Banach space 2 do there exist epimorphisms (onto 
maps) TI E B(X, 2) and T2 E B( Y, Z) such that Tr = T,T. We shall denote 
by S(X, Y) the set of all strictly singular operators in B(X, Y), and by 
C(X, Y) the set of all operators T E B(X, Y) such that the range of T does 
not contain any infinite dimensional closed subspace of Y. Obviously 
C(X, Y) C S(X, Y) for all Banach spaces X and Y. L, will denote the space 
L,(S, & p) where S = [0, l] Z is a family of Lebesgue measurable subsets 
of S, and t.~ is Lebesgue measure. 
It is known [I] that B(lP, P) = S(P, P) where 1 ,<p, q < 00 and p # q. 
In this note we shall prove that B(P, P) = C(Z*, 1”) where 1 <p < cc, 
1 < q < co and p # q. However, we should point out that if 1 $ p, q < co, 
p # q and q <p, then a stronger result is already known, namely, 
B(lP, P) = T(P, ZQ) where T(P, P) is the set of all compact operators in 
B(P, IQ) [2; 3, p. 2031. We have also proved that 
B(L, ) P) = C(L, ) P) 
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if 
1 ,.: p 5:: 2, I : y ‘1) ‘, 2-r 2, and p&q 
and 
q/la, L,,) = C(I”, L,) 
if 
I <p ,: xc, 2. =, q < rJ, p z 2. and P + q. 
A Banach space X is said to be subprojective if given any infinite dimen- 
sional closed subspace M of S, there exists an infinite dimensional closed 
subspace N contained in M and complemented in S [4]. 
The author wishes to thank Professor B. Abrahamson for his advice and 
constant encouragement. 
THEOREM 1. If T E B(X, Y) is strictly cosingular and I’ is subprojective, 
then T E C(X, I’). 
Proof. Suppose that T $ C(X, 1.). Then TX, the range of T must contain 
an infinite dimensional closed subspace M of Y. Now since Y is subprojective, 
M contains an infinite dimensional closed subspace ,V complemented in Y. 
Let P be the projection of E-onto N. Obviously the map PT is an epimorphism 
which contradicts that T is strictly cosingular. Hence T E C(X, Y). 
COROLLARY 1. B(lP, I”) = C(lfl, Z”) where 1 < p < a, 1 < q < cri and 
P f 4. 
Proof. Let T E B(ZP, I*). Then T is strictly singular by Theorem 1 of [l]. 
Now T* is strictly cosingular as lo is reflexive [5, Proposition 3(c)]. Again 
since 
is subprojective [4], T*, being in C(Z**, I”‘) by Theorem 1, is strictly singular. 
Hence, by Proposition 3(a) of [5], T is strictly cosingular. Now as 1q is sub- 
projective, T E C(Zp, IQ). 
LEMMA 1. If T is an operator in B(X, Y) such that the restriction of T to a 
closed subspace M of X is an isomorphism and TM z’s complemented in Y, then M 
is complemented in X. 
Proof. Let T’ denote the restriction of T to M and T’-1 : TM -+ M 
denote the operator inverse to T’. Let P be the projection of Y onto TM. We 
define the bounded linear operator P’ : X-t M by P’ = T’-IPT. Now 
PI2 = T’-lPTT’-lPT = T’-lP2T = T’-‘PT = P’. Hence P’ is a projection. 
Thus M is complemented in S. 
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THEOREM 2. B(L, , IQ) = S(L, , ZQ) where 1 < p < co, 1 < q < 00, 
q # 2, and p # q. -41~0 B(L, l*) = S(L, I*) where 1 < q < co and L is an 
abstract L-space. 
Proof. Let T E B(L, ,1’=‘) were l<p<co, l<q<co, qf2 and h 
p # q. Suppose that T is not strictly singular. Then there is an infinite dimen- 
sional closed subspace M ofL, such that the restriction of T to M is an isomor- 
phism. Now since Eq is subprojective, TM will contain a subspace N com- 
plemented in ZQ and isomorphic to 1~ [6, Theorem 11; set T-l(N) n M = 2. 
Then the restriction of T to Z is also an isomorphism and TZ = N. Hence, 
by the above lemma, Z is complemented in L, . Also Z, being isomorphic to 
N, is isomorphic to 24. Now since 2 is complemented in L, where 1 < p < ix), 
Z is either isomorphic to la, or contains a closed subspace isomorphic to 1P 
[7, p. 1681. But 2, being isomorphic to IQ, where q # 2, cannot be isomorphic 
to Z* [8, p. 2051. Also 2, being isomorphic to I*, cannot contain a closed sub- 
space isomorphic to 1~ where p # q [8, p. 2051. Thus we have a contradiction 
and hence T E S(L, , I*). 
Now if T E B(L, 1~) w h ere 1 < q < co and if T is not strictly singular, 
then proceeding exactly as above we get an infinite dimensional closed sub- 
space 2 of L such that 2 is complemented in L and 2 is isomorphic to I*. 
Since 2 is complemented in L, and L is an abstract L-space, 2 contains a 
closed subspace isomorphic to I [6, p. 2211. But 2, being isomorphic to IQ 
where 1 < q < co, cannot contain a closed subspace isomorphic to 1 by the 
reason given earlier. Thus we have contradiction and T is strictly singular. 
COROLLARY 2. B(L, , ZQ) = C(L, , E*) where 1 <p < 2, 1 < q < CO, 
q#2andp#q. 
Proof. Let T E B(Lp , IQ) w ere h l<p<2, 1 <q<co, q#2 and 
p # q. Then by Theorem 2, T is strictly singular. Since, by hypothesis, L, 
is reflexive, T* is strictly cosingular as in Corollary 1. Again, since L,* is 
subprojective [4], T* is strictly singular by Theorem 1. Hence T is strictly 
cosingular by the reason given in Corollary 1. Hence T E C(L, , 14) by 
Theorem 1 as IQ is subprojective. 
COROLLARY 3. B(lp, L,) = C(18, L,) where 1 <p < co, 2 < q < co, 
p#2andp#q. 
Proof. Let T E B(lp, L,) where 1 <p < co, 2 < q < co, q # 2 and 
p # q. Then T* E B(L, , 2”) where r and s are given by l/q + l/r = 1 and 
l/p + l/s = 1. Obviously 1 < r < 2, 1 < s < co, s # 2 and r f s. Hence 
by Theorem 2, T* is strictly singular. Therefore, by Proposition 3(a) of [5] 
T is strictly cosingular. Now since L, is subprojective for q satisfying 
2 < q < CO, the corollary follows from Theorem 1. 
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\\.e know that every bounded linear operator from c,(S) to a weak11 
complete space is compact [9, Corollary 11 and for definition of c”(S) see 
[IO]). IVe now prove the following corollary: 
COROLLARY 4. B(X, c,(S)) =: C(S, c,(S)) h ZL’ ere S is atq rejlesive Banach 
space. 
Proof. Let T be any bounded linear operator in B(X, c,(S)). T* is 
strictly singular by Corollary 8 of [9]. Thus T is strictly cosingular by 3(a) 
of [5]. Hence T is in C(X, q,(S)) by Th eorem I as c”(S) is subprojective [4]. 
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